Introduction
This article can be viewed as a continuation of the article Bäcklund Transformations for Darboux Integrable Differential Systems [5] . In that paper we established a general group-theoretical approach to the construction of Bäcklund transformations. We then showed how this construction can be applied to construct Bäcklund transformation between equations which are Darboux integrable.
Here we give a number of detailed examples and new applications which demonstrate the theory.
In particular our final example demonstrates how our group theoretical approach produces all the Bäcklund transformations in [11] .
Let ∆ 1 (z) = 0 and ∆ 2 (u) = 0 be two systems of partial differential equations in the unknown functions z and u. A Bäcklund transformation between these two systems of equations is a third system of equations ∆ 3 (u, z) = 0 with the following property. If a solution for ∆ 1 (z) =0 is given, then ∆ 3 (u, z) = 0 becomes a system of total differential equations for u which is then a solution to ∆ 2 (u) = 0. Likewise, if a solution to ∆ 2 (u) =0 is given, then ∆ 3 (u, z) = 0 becomes a system of total differential equations for z which is then a solution to ∆ 1 (z) = 0. To describe our method in some detail, let us first recall a few definitions. Let G be a Lie group which acts on a manifold M . We say that G acts regularly on M whenever the orbit space M/G admits the structure of a differentiable manifold for which the canonical projection map q G : M → M/G is a surjective submersion. We say that G is a symmetry group of a differential system I ⊂ Ω * (M ) if the diffeomorphisms of M defined by G preserve I, and we say the G acts transversely to I if the tangent spaces to the orbits of G are pointwise transverse to the space of 1-forms in I (that is, no non-zero vector in the tangent space to the orbits is annihilated by all the 1-forms in I, see equation (2.13)). As we shall see below in Theorem A, this transversality condition plays an important role in the construction of integrable extensions and hence Bäcklund transformations.
Our approach to the construction of Bäcklund transformations is formulated within the differentialgeometric setting of symmetry reduction of exterior differential systems (EDS)
Let p : M → N be a smooth submersion. Then we define the reduced differential system I/p on N by
In the special case where G is a regularly acting symmetry group of I, we shall write I/G in place of I/q G . Finally, we say that the diagram r is a commutative diagram of EDS if q • p = r, J = I/p and K = J /q = I/r. Additional information on these definitions can be found in Section 2 in [1] .
With these definitions in place we now state our main theorem on the construction of Bäcklund transformations by symmetry group reduction whose proof is given in [5] .
Theorem A. Let I be a differential system on M with symmetry groups G 1 and G 2 . Let H be a common subgroup of G 1 and G 2 and assume that the actions of The transverality hypothesis guarantees that the maps q Gi : I → I/G i are integrable extensions (see Theorem 2.1 in Section 2.3 or Theorem 2.1 in [5] ). The proof that the maps p i are integrable extensions is given by Theorem 3.4 in [5] .
Our first remark about diagram (1.4) is that the maps p i in the diagram (1.4) are in general not group quotients. Secondly, the double fibration in (1.4) is, at least in terms of the manifolds which are constructed, a simple generalization of the double fibration construction for homogeneous spaces presented by Baston and Eastwood [8] (page 69) in the context of the Penrose transform.
In Section 3 we shall use the group theoretical methods provided by Theorems A to construct
Bäcklund transformations for a variety of Darboux integrable differential systems. In each example
we shall begin with a differential system I given as a direct sum K 1 + K 2 on a product manifold
We define a group action H acting diagonally on M 1 × M 2 which is a symmetry group of I and which acts transversely and, from this action, calculate the quotient differential system B = I/H. We then pick two more Lie symmetry groups G 1 and G 2 of I, with
and calculate the quotient differential systems I 1 = I/G 1 and I 2 = I/G 2 . The orbit projection maps p i : B → I i define the sought after Bäcklund transformation. Theorem 6.1in [5] shows that all three differential systems in diagram (1.4) and I 2 we have identified in [5] sufficient conditions for this to be the case. In order to describe these conditions we first note that the proof of Theorem A is obtained by two applications of the following Lemma proved in Lemma 3.2 and Theorem 3.4 in [5] .
Lemma A. Let G be a symmetry group of an EDS I on a manifold M which acts regularly on M .
Let H ⊂ G be a closed subgroup of G. Then the orbit mapping
is a surjective submersion which gives rise to the following commutative diagram of EDS 
that is, (I/H)/p = I/G. If G acts transversely to I then I/H is an integrable extension of I/G.
In order to prove that a Bäcklund transformation B is obtained using Theorem A, we first need to decide when an integrable extension E of a Darboux integrable system I can be obtained by an application of Lemma A. The condition on E is that it be maximally compatible (see Section 2.5 or Section 8 in [5] ). Roughly speaking this means E has the maximum number of possible Darboux invariants. This results in the following theorem.
Theorem B. Let p : (E, N ) → (I, M ) be an integrable extension of Darboux integrable systems E and I and suppose the pair (E, I) is maximally compatible.
Vessiot group G be the (local) canonical quotient representation of (I, M ). There exists a subgroup
and the submersion p is locally identified with the orbit projection map from P/H diag to P/G diag .
Theorem B is summarized by the commutative diagram of differential systems. as a Monge-Ampère system on a 5-manifold. In Section 4 we to prove the converse. We show in Theorem 4.1 that every Bäcklund transformation with 1-dimensional fibre between such a Darboux integrable system I 2 Monge Ampère system on a 5-manifold which is Darboux integrable system but not Monge integrable and the wave equation I 1 can always be obtained using the group methods of Theorem A as in [3] . In particular, this shows that all the Bäcklund transformations explicitly constructed in [11] between hyperbolic Monge-Ampère systems and the hyperbolic Monge-Ampère system for the wave equation arise as symmetry reductions of differential systems using Theorem A (or Theorem 9.1 in [5] ). As a further consequence Theorem 4.7 shows that for a Darboux integrable system I 2 whose Vessiot group is so(3, R) then no such Bäcklund transformation can exist. An explicit example of a Darboux integral Monge-Ampére equation with so(3, R) Vessiot algebra is given which provides a specific counter example of part 2 of Theorem 1 in [11] .
Preliminaries
In this section we gather together a number of definitions and basic results on integrable extensions, reductions of exterior differential systems and Darboux integrability. Conventions and some results from [1] are used, see also [4] , [5] .
Exterior Differential Systems
We assume that an EDS I, defined on a manifold M , has constant rank in the sense that each one of its homogeneous components I p ⊂ Ω p (M ) coincides with the sections S(I p ) of a constant
If A is a subset of Ω * (M ), we let A alg and A diff be the algebraic and differential ideals generated by A. If I and J are differential systems on the same manifold, we
Note that I + J is differentially closed. As usual, a differential system I is called a Pfaffian system if there is a constant rank subbundle I ⊂ Λ 1 (M ) such that I = S(I) diff . As is customary, the subbundle I shall also be referred to as a Pfaffian system.
defined on an open set U , such that df ∈ I. For each point x ∈ M we define
We shall always assume that
x is a constant rank bundle on M . It is easy to check that I ∞ is the (unique) maximal, completely integrable, Pfaffian subsystem of I.
The bundle I ∞ can be computed algorithmically from the derived flag of I. The derived system I ′ ⊂ I is defined pointwise by
Letting I (0) = I and assuming I (k) is constant rank we define I (k+1) inductively by
where N is the smallest integer where
completely integrable and I ∞ = I (N ) . More information about the derived flag of a Pfaffian system can be found in [7] .
Integrable Extensions of Differential Systems
An EDS E on a manifold N is called an integrable extension (see [9] ) of I on a manifold M if there exists a submersion p : N → N and a subbundle J ⊂ Λ 1 (N ) such that
Here ann(J) is the subbundle of vectors in T M which annihilate the 1-forms in J. The second condition in (2.3) states that J is transverse to p. A subbundle J satisfying the three properties (2.3) is called an admissible subbundle for the extension E.
In particular E is an integrable extension of I if there exists dim
which define a local basis for S(J) and satisfy
We then have
The definition of integral extension allows us to relate the integral manifolds of E and I as follows.
Let s : P → N be an immersed integral manifold of E and lets = p • s : P → M . Then condition
[ii] of (2.3) implies thats is an immersion and hence [iii] implies thats is an integral manifold of I.
Conversely, ifs : P → M is an integral manifold of I and Q = p −1 (s(P )), then Q is a submanifold of N and the third condition in (2.3) implies that E| Q is a Frobenius system. Consequently integral manifolds of I can be lifted locally to integrable manifolds of E by integrating a system of ordinary differential equations.
Further properties of integrable extensions can be found in Section 2.1 of [5] .
Reduction of Differential Systems
Recall from the introduction that if p : N → M is a smooth surjective submersion and I an EDS on N , then the reduction of I with respect to p, denoted by I/p, is the EDS on M defined by
Note that I/p is not necessarily constant rank without additional hypotheses. If the fibres of p are connected, then the reduction I/p can be computed using Corollary II.2.3 of [7] which states that θ ∈ I satisfies θ = p * θ for someθ ∈ I/p if and only if, X θ = 0 and X dθ = 0 for all X ∈ ker(p * ).
Similarly, if I ⊂ Λ p (N ), then the reduction of the bundle I with respect to p is
It is easy to check that if p : N → M is a submersion and E on N is an integrable extension of I on
We now specialize (2.6) to the case of reduction by a Lie group. Let G be a finite dimensional
Lie group acting on M with left action µ :
For each Z e ∈ T e G, the corresponding infinitesimal generator for the action µ is the vector field X on M defined pointwise by
The set of all infinitesimal generators for the action µ is a Lie algebra of vector fields on M which we denote by Γ G . If g is the Lie algebra of right invariant vector fields on G and Z ∈ g, then the mapμ : g → Γ G defined by (2.9) is a Lie algebra homomorphism.
Let Γ G ⊂ T M be the integrable distribution generated by the point-wise span of Γ G . We will assume that all actions are regular in the sense that the orbit space M/G has a smooth manifold structure such that the canonical projection q G : M → M/G is a smooth submersion and hence
Since each orbit of G is the inverse image of a point in M/G, the implicit function theorem implies that the orbits are imbedded submanifolds.
The group G acting on M is a symmetry group of I if, for each g ∈ G and θ ∈ I, µ * g (θ) ∈ I. Under these circumstances we define the symmetry reduction of I by G to be
In other words I/G is the reduction given by equation (2.6) with respect to the submersion q G :
M → M/G. However, by utilizing the G-invariance of I, the computation of a local basis of sections for I/G is now algebraic [1] . This fact is not necessarily true for the reduction in (2.6) for generic
As a cautionary remark, we observe that if I is a G-invariant Pfaffian differential system with I = S(I) diff , then it is generally not true that I/G is the Pfaffian system for I/G, that is
However, it is true that S(I/G) diff ⊂ I/G. See [1] for examples.
A symmetry group G of an EDS I is said to be transverse to I if
This transversality condition holds for all the examples and application we consider. A fundamental consequence of transversality is the following (see Theorem 2.1 in [5] ).
Theorem 2.1. Let G be a symmetry group of an EDS I on a manifold M . Assume G acts regularly on M and transversely to I. Then I is an integrable extension of the reduced differential system
It is useful to summarize a few relevant facts from [1] about symmetry reduction and the role of transverse actions for differential systems generated by 1-forms and 2-forms.
If G acts transversely then locally there exists a G-invariant open set U and a set of generators
where
From equations (2.14) and (2.15) we deduce that a new set of generators for I are given by
Theorem 2.2. If I is a Pfaffian system and G acts tranverselly to the derived system I ′ then I/G is a constant rank Pfaffian system (see [1] ).
Remark 2.3. We will work locally in our examples starting with a Lie algebra Γ G of infinitesimal symmetries of I. A Lie algebra Γ G of vector fields is regular on M if the canonical projection q Γ : M → M/Γ to the leaf space M/Γ is a smooth submersion. This regularity condition will hold at least locally in all our examples. We shall write I/Γ G in place of I/q ΓG for the reduction of I.
In the computations leading to local generators of I/G as in equations (2.16), the G-basic forms are replaced by Γ G -basic forms
where L X is the Lie derivative along X. 
Darboux Integrable Differential Systems
In this section we review the definition of Darboux integrable differential systems and we state a result from [5] which simplifies the verification of this definition. We begin with the definition of a decomposable differential system and the notion of a Darboux pair as given in [6] . such that I is algebraically generated by 1-forms and 2-forms In the special case that I is a Pfaffian system, these inclusions then become equalities.
An important example of a decomposable system is given by a class r hyperbolic differential system, as defined in [10] . These systems are decomposable differential system of type [2, 2] on an r + 4 manifold. In Section 4 our focus is on hyperbolic Monge-Ampère systems which are a special class of r = 1 hyperbolic systems.
Definition 2.6. Let I be a decomposable differential system. The bundlesV ,V ⊂ T * M defined bŷ
are called the associated singular Pfaffian systems with respect to the decomposition (2.19).
The differential systems generated bŷ
are called the associated singular differential systems for I.
Note that
For further information on the relationship between a decomposable differential system and its singular systems see Theorem 2.6 of [6] .
The characteristic systems defined in [10] for a class r hyperbolic differential system coincide with the singular Pfaffian systems (2.22). In this special case, the decomposition in Definition 2.5 is unique up to an interchange in the singular Pfaffian systems. However for a general decomposable system the decomposition in Definition 2.5 may not be unique.
Two decomposable differential systems E and I, defined on manifolds N and M , and with singular Pfaffian systems {Ẑ,Ž} and {V ,V } are defined to be equivalent if there is a diffeomorphism
The definition of a Darboux integrable differential system is given in terms of its singular Pfaffian systems.
Definition 2.7. A pair of Pfaffian systemsV andV on a manifold M define a Darboux pair if
A decomposable differential system I is Darboux integrable if its singular Pfaffian systems (2.22) define a Darboux pair.
The test for Darboux integrability can be simplified if I admits no first integrals.
Theorem 2.8. Let I be decomposable differential system with singular Pfaffian systemsV andV and suppose that (
is automatically satisfied and I is Darboux integrable.
The proof of this theorem is given in Appendix 3 of [5] .
Definition 2.9. The Darboux invariants for the Darboux pair {V ,V } or for a Darboux integrable differential system I are the first integrals forV orV , that is,
The number of (functionally) independent Darboux invariants is therefore given by the sum of the ranks of the completely integrable systemsV ∞ andV ∞ .
Theorem 6.1 in [5] shows how Darboux integrable systems can be constructed using the group reduction of pairs of differential systems generate by 1-forms and 2-forms. It is a remarkable fact, established in [6] , that the converse is true locally, that is, every Darboux integrable hyperbolic system can be realized locally as a non-trivial quotient of a pair of exterior differential systems with a common symmetry group. This theorem will be the starting point for the examples and its precise formulation is as follows. Then there are open sets
each containing x 0 , and a Lie algebra of vector fields Γ G acting freely on U 1 and U 2 and which are transverse symmetries of K 1 and K 2 so that the following is satisfied,
Let p a : U → U a be the projections, then the Darboux invariants are computed bŷ 
Integrable Extensions of Darboux Integrable Systems
The following theorem relates the singular systems and the Darboux integrability of a decomposable differential system I and an integrable extensions E.
Theorem 2.12. Let p : (E, N ) → (I, M ) be an integrable extension with J an admissible subbundle of T * N for (E, I). 
The relations in (2.29) imply that the number of Darboux invariants for the singular Pfaffian systemsẐ andŽ for the extension E are bounded by
The case where the number of Darboux invariants for E exceeds the number of Darboux invariants for I by the maximal number possible, that is, the case where
will be implied by part [ii] in the following definition.
Definition 2.13. Let p : (E, N ) → (I, M ) be an integrable extension of decomposable systems E and I with singular Pfaffian systems {Ẑ,Ž} and {V ,V } respectively.
[i] The extension (E, I) is said to be compatible with respect to the singular Pfaffian systems {Ẑ,Ž} and {V ,V } if
[ii] The integrable extension (E, I) is called maximally compatible with respect to the singular Pfaffian systems {Ẑ,Ž} and {V ,V } if there exists an admissible subbundleĴ ⊂Ẑ ∞ ∩Ž for (E, I)
and, similarly, an admissible subbundleJ ⊂Ž ∞ ∩Ẑ for (E, I) such that
The following theorem relates equation ( Proof. On account of compatibility we have
while Darboux integrability of I implies
Combining equation (2.37) with (2.35) we have
and so
Therefore there existsĴ ⊂Ẑ ∞ ∩Ž so that
whereĴ is an admissible subbundle and (2.32) holds. A similar argument shows the existence of a subbundleJ so thatŽ
and (2.33) holds.
Examples
In Examples 3.1 and 3.2, we show how our approach effortlessly gives the Bäcklund transformations between various Darboux integrable f -Gordon equations constructed in [11] and [16] . Our constructions hold for C ∞ differential systems while the methods in [11] are based on the CartanKähler theorem and hold only for C ω EDS. for an over-determined system of PDE is given in Example 3.8.
Example 3.1. In this first example we spell out the details of how Theorem A leads to the group theoretical construction of a well known Bäcklund transformation. We start by taking for I the standard
on M we have
The total derivative vector fields defined by I are
We consider the infinitesimal group action Γ H on M defined
The vector-fields in Γ H are symmetries of I and the quotient system B = I/Γ H will be a rank 2
Pfaffian system (see Theorem 2.2) on a 6-dimensional manifold N = M/Γ H .
The lowest order invariants of Γ H acting on M are (x, y, V, W ) where
The total vector-fields D x and D y in equation (3.3) commute with the vector-fields in Γ H and
Here we take the open set where v + w > 0, v x > 0 and w y > 0 for the domain of q H .
Note that if we compute D y V and D x W using (3.5), then we find the following syzygies on the differential invariants,
Equations (3.7) are the quotient differential equations representing the Bäcklund transformation B.
We now show how equations (3.7) arise by computing the quotient differential system I/Γ H .
This Pfaffian system is determined by computing the Γ H semi-basic one-forms in I. A simple linear algebra computation gives,
Pulling back the one-forms in (3.8) with the cross-section
we obtain the rank 2 quotient Pfaffian system B,
The associated PDE system for (3.9) is easily seen to be
which agrees with (3.7).
To construct a Bäcklund transformations Theorem A we first add to the infinitesimal group action Γ H the vector field
. Secondly, we add to the infinitesimal group action Γ H the vector field
(local) sl(2, R) action on each of the dependent variables.
Since Γ H ⊂ Γ G1 we can use the Γ H invariants in equation (3.5) to compute the Γ G1 invariants.
Since Z 1 (V ) = (v + w) −2 and Z 1 (W ) = (v + w) −2 we find that
is Z 1 invariant and hence Γ G1 invariant. Again D x and D y are invariant with respect to every vector-field in Γ G1 and we have the other Γ G1 invariants u 1x = D x u 1 and u 1y = D y u 1 giving the quotient map
where (x, y, u 1 , u 1x , u 1y ) are the coordinates on M/Γ G1 . In this case we have the syzygy
and so the quotient is the wave equation.
To complete our description of the left hand side of diagram (1.3) we need to calculate p 1 and I/Γ G1 . Using Remark 2.4 and equation (3.6) we have, for example,
so that the projection map p 1 : M/Γ H → M/Γ G1 can be written in coordinates as
(3.14)
In order to compute the reduced system I/Γ G1 we need the Γ G1 semi-basic 1-forms and 2-forms in I. We find the generators in the form of equation (2.14) to be
The coordinate representations for the semi-basic forms in (3.15) are
The quotient is then easily computed using the invariants in equation (3.13) in equation (3.16), and we find
so that
This is the Monge-Ampére representation of the wave equation on the 5-dimensional manifold
Finally it is now a simple matter to check directly that B is an integrable extension of I 1 = I/Γ G1 .
Indeed using equations (3.18) and (3.14) we have
Therefore from these equations and the fact that B is a Pfaffian system we have B = β 2 , p * I 1 alg , as required.
We now compute the reduction of I and M by the action of Γ G2 = span{X 1 , X 2 , Z 2 }. The lowest order invariant of Γ G2 on M can be computed using the invariants for Γ H in equation (3.5) by requiring them to be invariant under Z 2 . We find
with further Γ G2 invariants given by D x and D y total differentiation of u 2 . Hence the quotient map q Γ2 is given by
where (x, y, u 2 , u 2x , u 2y ) are coordinate on M Γ G2 . The syzygy is then computed to be the Liouville equation
The map p 2 : M/Γ H → M/Γ G2 is given in coordinates by using equations (3.21), (3.6) and Remark 2.4 by In order to compute the reduced system I 2 = I/Γ G2 we need the Γ G2 semi-basic 1-forms and 2-forms in I. We find generators for I in the form of equation (2.14) to be
Using the quotient map in (3.21), it is easy to verify equation (2.6) where the quotient system is
In fact equation (3.21) we have
from which we conclude that I/Γ G2 = I 2 .
From here it is now also easy to check that B is an integral extension of I 2 . By using equation (3.22 ) and the forms in equations (3.9) and (3.24), we find,
and therefore B = β 2 , p * 2 I 2 alg . In summary, we have used the local group actions Γ H , Γ G1 and Γ G2 to produce the following diagram of differential systems, Finally note that if we eliminate the variables V and W (and their derivatives) from the equations defining p 1 and p 2 (see (3.14) and (3.22)) we arrive at
which is the usual Bäcklund transformation relating the wave equation to the Liouville equation.
Example 3.2. We continue with Example 3.1. Again we take for I the standard contact system
We construct other Bäcklund transformations using
Theorem A by adding to the infinitesimal group action Γ H the vector-fields
The action Γ G2 in Example 3.1 and Γ G4 are diagonal actions on
We calculate the reductions (I i , M i ) of I by Γ Gi and the orbit projection maps
Again each M i has dimension 5 and the I i are all type s = 1 hyperbolic systems (that is, generated by a single 1-form and a pair of decomposible 2-forms). The result is a 4-fold collection of integrable extensions p i : B → I i extending diagram (3.27). In terms of the associated partial differential equations, these are given explicitly by where Darboux integrable after one prolongation [13] . In this regard, the calculations leading to (3.30)
could also be done starting with the canonical differential system on J 3 (R, R) × J 3 (R, R) as done in [3] and leading to B [1] (the prolongation of B) as a common Bäcklund transformation between the rank 3 Pfaffian systems I [1] i , i = 1, . . . , 4. The first integrals ofV are the differential invariants of Γ Gi,2 on J 3 (R, R) expressed as functions on M/Γ Gi and the first integrals ofV are the differential invariants of Γ Gi,1 on J 3 (R, R) expressed as functions on M/Γ Gi .
We will use this remark to compute a set of functionally independent Darboux invariants for each of our examples. We begin with the case where the action Γ Gi is diagonal (i = 2, 4). Then ρ a : Γ Gi → Γ Gi,a is an isomorphism and the number of independent first integrals (or Darboux invariants) for each of the singular systems
We start with the Lie algebra of vector fields Γ G2 = span{X 1 , X 2 , Z 2 } given by equations (3.4) and (3.11) (or more precisely their prolongation). The action of the projections ρ a (Γ G2 ) on J 3 (R, R)
gives the prolongation of standard action of sl(2, R) on the dependent variable,
As Γ i,a are prolongations of infinitesimal point transformations they preserve the contact system on J 3 (R, R) and local coordinates on the quotients consist of a set of independent differential invariants. In the case of Γ G2 the two functionally independent differential invariants on J 3 (R, R)
are well-known to be
The invariants of Γ G2 on J 3 (R, R) × J 3 (R, R) that we need are
Expressing the invariant f 2 in equation (3.32) in terms of those in equation (3.33) (see italicized remark above in this section) we obtain
Therefore f 1 = x and f 2 = u 2xx − 1 2 u The action of Γ G2 is diagonal and hence Theorem 7.7 in [5] gives the Vessiot algebra as (isomorphic to) Γ G2 (or sl(2, R)).
The infinitesimal group action Γ G4 = span{X 1 , X 2 , Z 4 } from equations (3.4) and (3.29) is again diagonal. One of the projections of Γ G4 (or more precisely its prolongation) is
The differential invariants of Γ G4,1 acting on J 3 (R, R) expressed in terms of u 4 and it's derivatives from equation (3.31) are
Thus four functionally independent Darboux invariants are x, y, the invariant in equation (3.34) and its y analogue. The action of Γ G4 is diagonal and hence Theorem 7.7 in [5] gives the Vessiot algebra as (isomorphic to) Γ G4 .
We now examine the actions Γ G1 and Γ G3 on J 3 (R, R) × J 3 (R, R) which are not diagonal. The projections for the prolongation of Γ G1 = span{X 1 , X 2 , Z 1 } from equation (3.4) and (3.10) are each have 3 independent first integrals. In fact the differential invariants of Γ G1,a on J 3 (R, R) are easily computed in terms of u 1 in equation (3.13) and it's derivatives giving the Darboux invariants,
and their y analogues. In this case the action of Γ G1 is not diagonal but can be reduced to a diagonal action by Theorem 7.7 (also see Lemma 6.8) in [5] . Furthermore equation (2.28) shows that the dimension of the Vessiot algebra is one.
Alternatively to equation (2.28) we can appeal to Theorem 7.7 in [5] to compute the Vessiot algebra. This theorem requires that we compute the subalgebra Γ A1 = span{ ∂ u } and
Since the wave equation is Darboux integrable on the 5-manifold (without prolongation) we work with the quotient map q ΓG 1 on J 2 (R, R) × J 2 (R, R) which by equation (6.31) of Lemma 6.8 in [5] factors as whereK is the contact system on J 1 (R, R) and M is the 5 dimensional quotient manifold. Theorem 7.7 in [5] then states that the Vessiot algebra of the wave equation is (isomorphic to) the
For the (prolongation of) the Lie algebra of vector fields Γ G3 = span{X 1 , X 2 , Z 3 } defined by equations (3.4) and (3.29) we have the projections
Γ G3,2 = span{ ∂ w , w∂ w + w y ∂ wy + w yy ∂ wyy + w yyy ∂ vyyy , y∂ w + ∂ wy }. Again by the italicized remark above in this section we deduce that the singular systemV 3 for
3 has 2 independent first integrals because Γ G3,2 has 3-dimensional orbits on J 3 (R, R). Expressed in terms of u 3 and its derivatives from equation (3.31) these become the following Darboux invariants for the u 3 equation in (3.30),
The singular systemV 3 has 3 first independent first integrals because Γ G3,1 in equation (3.36) has 2-dimensional orbits on J 3 (R, R). For Γ G3,1 the differential invariants in terms of u 3 and its derivatives are found, using (3.31), to be
This gives 3 independent first integrals forV (or Darboux invariants for the u 3 equation in (3.30)).
In this case the action of Γ G3 can be reduced to a diagonal action by Theorem 7.7 in [5] . In particular note that equation (2.28) shows that the dimension of the Vessiot algebra is two. The subalgebras in Theorem 7.7 of [5] for this case are Γ A1 = { 0} and Γ A2 = { y∂ w + ∂ wy } of Γ G2 . In
Finally we also note that Theorem 6.1 in [5] applies to the diagonal action Γ H in (3.4) and B = I/Γ H where the generators are given in (3.9). In fact the structure equations for B in (3.9) are
From these equations it is easily checked that B is an s = 2 hyperbolic system where the singular Pfaffian systems areV
It is also easily checked that B is a Darboux integrable with first integrals for the singular system V being { x, V x + e V } and {y, W y + e W } forV . These are easily obtained from the differential invariants of Γ H,i on the individual jet spaces as done for Γ G2 and Γ G4 above. The action of Γ H is also diagonal and hence coincides with the Vessiot algebra of B.
We conclude this example by making a few remarks which describe the relationships between the invariants of B [1] and those of I/Γ Gi . We also examine a basic relationship between the Darboux invariants of I/Γ Gi .
The differential system B representing the Bäcklund transformation is Darboux integrable without prolongation and as we have seen above B has 4 independent Darboux invariants. The prolongation B [1] admits 6 Darboux invariants.
As noted above the Vessiot algebra of B is the 2-dimensional solvable Lie algebra Γ H , while Theorem 7.5 in [5] shows that this is isomorphic to the Vessiot algebra of the prolongation B [1] of B. In fact the prolongation of the vector fields Γ H is the Vessiot algebra of B [1] . Theorem 7.3 in [5] implies that the Vessiot algebra of B [1] is a sub-algebra of each of the Vessiot algebras for I [1] 2 and I [1] 4 . This same theorem shows that the induced homomorphism on the Vessiot algebras defined by p 1 is not injective, while for I [1] 3 the algebras are isomorphic. Finally, we consider Theorem 9.1 and Corollary 9.2 in [5] for these examples. These theorems state that for the Bäcklund transformation B [1] constructed between the pairs I i given in equation (3.31) , that the systems I i arising from diagonal quotients have strictly fewer independent Darboux invariants than those constructed from non-diagonal quotients. This applies to the pairs (Γ G1 , Γ G2 ), 
and we take We shall calculate reductions of I using the infinitesimal symmetries 
and the commutative diagram of Pfaffian systems (1.3) is easily computed to be These properties are all easily verified explicitly. For B = I/Γ H the structure equations are
. This is a class r = 4 hyperbolic Pfaffian system.
The singular Pfaffian systems
and { x 2 , x 4 , x 6 }. The derived system is
These pair of 1-forms in B ′ each define admissible sub-bundles for B as integrable extensions of I/Γ G1 and I/Γ G2 respectively.
Just as in the previous example, the quotient map for the non-diagonal action factors through the reduction by using Lemma 6.7 in [5] with the product action { ∂ v , ∂ z }. For the system I 1 = I/Γ G1 , the structure equations are
There are 3 first integrals for each singular Pfaffian system and hence, by a classical theorem of Lie, this implies that I 1 is (contact) equivalent to the wave equation. The change of variables
transforms I 1 to the standard Pfaffian system for U ′ X ′ Y ′ = 0. To calculate the structure equations for I 2 = I/Γ G2 we define a new co-frame by
The resulting structure equations are In the special case of the Hilbert-Cartan equations
we can use a recent theorem of D. The [15] to explicitly identify the PDE defined by I 2 . This theorem asserts that the equation 3U XX U 3 Y Y + 1 = 0 is uniquely characterized as the PDE in the plane with a 9-dimensional symmetry algebra with Levi decomposition sl(2) ⋊ r and such that the derived series for the radical r has dimensions [6, 5, 2] . Indeed, we find that the symmetry algebra for I 2 is the 9-dimensional Lie algebra defined by
The radical of this Lie algebra is {X 4 , X 5 , X 6 , X 7 , X 8 , X 9 } with second derived algebra {X 8 , X 9 }.
This algebraic data, together with the fact that I 2 is of generic type, suffices to characterize I 2 as the standard Pfaffian system for 3U XX U 3 Y Y + 1 = 0 ( [15] , section 7). By finding the diffeomorphism which maps the symmetries { X 1 , X 2 , . . . , X 9 } to the symmetries of 3U XX U 3 Y Y + 1 = 0, we are able to produce the following explicit contact equivalence:
(3.45)
The change of variables (3.40) and (3.45) allows us to rewrite the Bäcklund transformation (3.39) It is interesting to remark that the identification of the quotient I 2 = I/G 2 as the canonical Pfaffian system for 3u xx u 3 yy + 1 = 0 can actually be accomplished without explicitly calculating the reduction I/G 2 or its symmetry algebra. Indeed, we know that the symmetry algebra for I is g = g 2 + g 2 , two copies of the split real form of the exceptional Lie algebra g 2 . For a basis for g, take
where the y i are the negative roots, the h i the Cartan sub-algebra and the x i the positive roots. In terms of this basis, the sub-algebra defined by the infinitesimal generators Γ G2 is h = { x 2 −x 2 , x 3 −x 3 , x 6 +x 6 } and we find the normalizer of h in g to be the 12-dimensional algebra nor(h) = {y 5 −ỹ 5 , y 1 +ỹ 1 , h 1 +h 1 , h 2 +h 2 , x 2 , x 3 , x 4 −x 4 , x 5 −x 5 , x 6 ,x 2 ,x 3 ,x 6 }.
From this we deduce that the symmetry algebra of I/G 2 is at least 9-dimensional. But because the equation is of generic type, the symmetry algebra is at most 9-dimensional and therefore the abstract Lie algebra for the symmetry algebra of I 2 is precisely nor(h)/h. is Darboux integrable at the n + 2 jet level. We use this equation to show that the group theoretic approach to the construction of Bäcklund transformations is not limited to equations which are Darboux integrable on the 2-jet level as in Examples 3.1 and 3.2.
Let G n be the standard differential system for (3.47). To construct Bäcklund transformations between G n−1 and G n , we start with
, where H are the standard rank n + 1 differential systems for the n-th order Monge equations
The vector fields
all lift to symmetries of I. To apply Theorem A in the introduction, we let
Then we have the following commutative diagram of Pfaffian systems leading to the following theorem.
Theorem 3.6. The differential equations
are related by the Bäckland transformation
Note that for n = 1 this coincides with the Bäcklund transformation given in [16] . Detailed formulas for the various projection maps and quotients for (3.47) can be found in [2] .
Example 3.7. As our next example we consider the A 2 Toda lattice system
This system is Darboux integrable and a Bäcklund transformation shall be constructed using Theorem A in the introduction. By a simple linear change of variables, the A 2 Toda lattice system can be rewritten as
This latter formulation proves to be more amenable to our analysis.
The construction of the canonical quotient representation (see Theorem 2.10), for the A 2 Toda lattice, has heretofore not appeared in the literature. We summarize the main steps here. The standard Pfaffian system I for (3.55) is a rank 6 Pfaffian system on a 12-dimensional submanifold
. To calculate the Vessiot group for (3.55) we must work at the prolongation order for which the system is Darboux integrable. However, the quotient representation and the Bäcklund transformation will be calculated as projections to M .
The first prolongation I [1] is a rank 10 Pfaffian system defined on a 16-dimensional submanifold
The associated singular Pfaffian systemV is generated by (I
′ , together with the three 1-forms dx,
The first integrals forV areÎ
By interchanging x with y in the above equations, we obtain the formulas for the other singular Pfaffian systemV and its first integrals. We conclude that
from which it then follows that the prolonged A 2 Toda lattice system I [1] is Darboux integrable. By Theorem 2.10 the prolonged A 2 Toda lattice system is the quotient of the product of two, rank 9
Pfaffian systems W 1 and W 2 on 12-dimensional manifolds by the diagonal action of an 8-dimension
Lie group G. The calculation of the 4-adapted co-frame for I [1] shows that G is the special linear group A 2 = SL(3). The Pfaffian system W 1 is given by the restriction ofV to the zero set of the first integralsÎ a (see Theorem 2.10) and hence
The dimensions of the derived systems of W 1 and the dimensions of their Cauchy characteristics are
1 ] = [7, 5, 3, 1, 0 ] and
1 )] = [ 2, 4, 6, 9, 12 ] .
These numerical invariants suffice to characterize W 1 as the canonical contact system on the mixed jet space J 4,5 (R, R 2 ). At this point it remains to identify the precise form of the action of the Vessiot group SL(3) on J 4,5 (RR 2 ). Once this is done, the joint differential invariants for the diagonal action
However, the standard coordinates for J 3,4 (R, R 2 ) lead to very long explicit formulas for q G which make our subsequent derivation of the Bäcklund transformation for the A 2 Toda lattice quite complicated. A much better choice of coordinates for
v 4 ], with
We leave it to the reader to check that (3.56) and (3.57) are equivalent Pfaffian systems. For our second copy of J 3,4 (R, R 2 ) we use coordinates [y, w, w 1 , w 2 , w 3 , z, z 1 , z 2 , z 3 , z 4 ], with
The integral manifolds for W 1 and W 2 are given by
Note that the formulas for the total derivative vector fields and the prolongation formula for vector fields on J 3,4 (R, R 2 ) are slightly different in these coordinates.
is given by the prolongation of the vector fields
The lowest order joint differential invariants for this action are
(3.59)
These equations, together with their total derivatives, give the quotient representation q G for the 
The lowest order joint differential invariants for the action of
which imply that I/G 1 is the differential system for the decoupled Liouville-wave
We next calculate the symmetry reduction of
2 ) by the 6-dimensional Lie group with generators Γ H . This will be a rank 8 Pfaffian system B on a 14-dimensional manifold.
For this action the lowest order joint differential invariants are the first order invariants
It then follows that the Pfaffian system B is a partial prolongation of the standard Pfaffian system for the equations
At this point we have constructed the Pfaffian systems for all of the equations in the following commutative diagram, as well as the quotient maps for the group actions Γ H , Γ G1 and Γ G2 . Let I 2 be a hyperbolic Monge-Ampère system on a 5-manifold M 2 (see [10] and [11] ). Then I 2 is an r = 1 hyperbolic EDS on a 5-manifold as defined in Section 2.4. Let I [1] 2 be the prolongation of I 2 to the space of regular 2-dimensional integral elements. Then I [1] 2 is an r = 3 hyperbolic system [10] . LetV andV denote the singular Pfaffian systems of I 2 and letV 2, [1] andV 2, [1] denote the singular Pfaffian systems for I [1] 2 . In this section we will assume that I [1] 2 is Darboux integrable but not Monge integrable [11] . This is equivalent to the following rank hypotheses on the singular systems. 2 ) of the Darboux integrable system I [i] The differential system B is an s = 2 hyperbolic system. LetŴ andW be the corresponding singular Pfaffian systems for B.
[ii] The space of Darboux invariants for B satisfiesŴ
The differential system B is Darboux integrable.
[iv] The Vessiot algebra vess(B) is 2-dimensional. A number of key conclusions can now be made about the prolongations of I 1 , I 2 and B. Let N [1] be the 8-dimensional manifold consisting of 2-dimensional regular integral elements of B and let B [1] be the class r = 4 hyperbolic system which is the corresponding prolongation of B [10] . Likewise let
a be the 7-dimensional manifolds of regular 2-dimensional integral elements of I a and let I [1] a be s = 3 hyperbolic systems which are the prolongations of I a [10] . Finally let π a : M [1] a → M a and π : N [1] → N be the projection maps on the prolongation spaces.
By the hypothesis in (4.1) we have that I [1] 2 is Darboux integrable, but we also have following properties of I [1] and B [1] .
Lemma 4.2. The differential system I [1] 1 is [i] Darboux integrable.
[ii] The singular systemV 1, [1] andV 1, [1] of I 1 has the following properties.
[i] It is an r = 4 hyperbolic system that is Darboux integrable.
[ii] The singular systemsŴ [1] andW [1] of B [1] satisfy rankŴ 1 ) is 2-dimensional and is isomorphic (as an abstract Lie algebra) to vess(B).
These properties of B [1] follow by the same arguments used to prove Theorem 4.1, or by utilizing Theorem 7.5 in [5] .
We have the following theorem which summarizes the effect of prolongation. With these facts in mind our goal for this section is easily obtained.
Theorem 4.5. The integrable extension p [1] 2 : (B [1] , N [1] ) → (I [1] 2 , M [1] 2 ) in diagram (4.5) is maximally compatible.
Proof of Theorem 4.5. First the hypothesis that I 2 is maximally compatible.
We emphasize that Theorem 4.5 is particular to the extension p 2 and that maximal compatibility does not hold for B [1] as an extension of the wave equation I 2 ) and the Bäcklund transformation B [1] between I
[1]
1 and I [1] 2 can be constructed locally as a group quotient (using the monorphism above) in accordance with Theorem B (or Theorem 8.2 in [5] ).
This corollary implies that B can be constructed in a similar manner by deprolongation [3] .
Our final result is at odds with part 2 of Theorem 1 in [11] . 2 ) is so(3), then I 2 is not locally Bäcklund equivalent (with a Bäcklund transformation having 1-dimensional fibers) to the wave equation. The Vessiot algebra for the equation
is so(3) and therefore (4.6) is not Bäcklund equivalent (in the sense of (4.3)) to the wave equation.
Proof of Theorem 4.7. The Lie algebra so(3) has no two dimensional subalgebra. Therefore by Corollary 4.6, no Bäcklund transformation B of I 2 with one-dimensional fibre exists.
To finish the proof of the theorem we now show equation (4.6) has so(3) as its Vessiot algebra.
Let (x, y, u, u x , u y , u xx , u yy ) be the standard jet coordinates on the open set M In terms of coordinates (x, y, u, α = arcsin u x , β = arcsin u y ,ξ,ξ), where −π/2 < α, β < π/2 the differential system I [1] is the Pfaffian system given by the 1-forms θ 1 =ξdx − (ξ cos u − sin u cos β)dy − dα + cos u dβ θ 2 = (ξ sin u sin α + sin α cos u cos β − cos α sin β)dy + cos α du − sin u sin α dβ θ 3 = −dx − (sin β sin α +ξ cos α sin u + cos α cos u cos β)dy + sin α du + cos α sin u dβ.
(4.8)
The structure equations for the co-frame (θ 1 , θ 2 , θ 3 , dx, dξ, dy, dξ) are
and one sees by inspection that this is a 4-adapted coframe (see [5] or [6] ). The structure equations therefore imply that the Vessiot algebra for (4.6) is so(3).
